According to the integral type constitutive relation of linear coupled thermoviscoelasticity, a mathematical model of thin plates is set up by the introduction of ''structural functions" and ''thermal functions" in the sense of the Kirchhoff's hypothesis. The corresponding integral type variational formulations are presented by means of modern convolution bilinear forms as well as classical Cartesian bilinear forms. The Ritz method in the spatial domain and the differentiating method in the temporal domain are used to approximate the mathematical model in a system of rectangular Cartesian coordinates. By properties of inequality and parabola, the structure of dynamic solution to vibration of a thermoviscoelastic thin plate under a harmonic thermal load is studied in the space splayed by material parameter and loading parameter. The influences of thermal excitation frequency, mechanical relaxation time and thermal relaxation time on amplitude and phase difference of steady-state vibration of a square plate are investigated by amplitude-frequency analysis and phase-frequency analysis. Double-peak resonance vibration of thermoviscoelastic plates exists for given parameters.
Introduction
With the broad application of time-dependent and/or temperature-dependent and even moisture-dependent materials in engineering structures, more and more scientists pay attention to analyses of viscoelastic structures under thermo-hygro-mechanical loading. Up to now most works were limited in the research of isothermal viscoelasticity.
Some investigations have been done to quasi-static or dynamic responses of thermoviscoelastic structures. However, there are few works on variational principles of thermoviscoelastic body. Brilla (1981) constructed a 0020-7683/$ -see front matter Ó 2007 Elsevier Ltd. All rights reserved. doi:10.1016 All rights reserved. doi:10. /j.ijsolstr.2007 special variational formulation for dynamic problems of viscoelastic Voigt plates in the Laplace domain, and analyzed the convergence of the Laplace transformation-finite-element method and properties of eigenvalues, but the temperature field is assumed to be a known linear distribution across the thickness and the boundary conditions are limited to clamed or simply supported plates. Munoz Rivera and Kamei Barreto (1998) provided energy decay rates of solutions to coupled problems of thermoviscoelastic plates, but the effect of memory is neglected in the heat conduction equation. Naso (2000, 2006) deduced a force balance equation for thermoviscoelastic Kirchhoff or Reissner-Mindlin plates via a variational formulation in the Laplace domain, and a non-Fourier constitutive law for the heat flux and some heat power constitutive equation was formulated in the framework of the Gurtin-Pipkin linear theory of heat conduction with memory, but the variational formulation on heat conduction equation of thermoviscoelastic plates was not given. Altay and Dokmeci (2000) presented a differential type of variational formulations in terms of the Laplace transformed field variables for linear coupled thermoviscoelastic analysis of high frequency motions of thin plates. For the above variational formulations constructed in the Laplace domain by the classical Cartesian bilinear forms, the approximate inversion transformations are very cumbersome and inevitably increase additional numerical errors. As Menditto (1993, 1994) pointed out, it is impossible that generally integral type variational principles of 3D-viscoelastic body can be simply degenerated into those of special structures in the non-Laplace transformation space. Usually, the special feature of structures will make the ruling operator of a problem to become more complex or/and nonsymmetrical and the operator is essentially different from that of a 3D-viscoelastic body. Hence, this greatly increases the difficulty of constructing the corresponding functional of viscoelastic structures. By introducing ''structural functions" and ''thermal functions" to overcome the difficulty, Cheng, Zhang and Wang constructed some integral type variational formulations for homogenous (Cheng and Zhang, 1998a; Zhang and Cheng, 1999) or functionally graded viscoelastic plates (Zhang and Wang, 2006, 2007) under mechanical or thermal loads, but the memory effect of heat conduction was not considered. In addition, numerical results whether for the above classical variational principles in the Laplace transformation domain or for modern convolution type variational formulations of thermoviscoelastic bodies are seldom reported.
The paper is devoted to the inverse variational problems in the non-Laplace transformation domain and the long-time dynamic properties for vibration of linear coupled thermoviscoelastic plates subjected to harmonic thermal loads. Actually, the paper is a further development of the previous works on isothermal viscoelastic plates (Cheng and Zhang, 1998a; Zhang and Cheng, 1999; Zhang and Wang, 2006, 2007) , the difficulty of making non-potential operators symmetrized especially for the coupling of the force balance equation and the heat conduction equation should be overcome. First, a concise mathematical model of thermoviscoelastic plates for arbitrary shapes and conditions is set up on the basis of the Kirchhoff's hypothesis and the integral type constitutive relation of linear coupled thermoviscoelasticity. Second, with the help of the Boltzmann operator, the modern convolution bilinear form, the classical Cartesian bilinear form, the ''structural functions" and the ''thermal functions" introduced, and the Heaviside function, the corresponding functionals are obtained. As applications, vibration of a simply supported thermoviscoelastic rectangular plate under harmonic thermal loads is studied in a system of rectangular Cartesian coordinates. The Ritz method in the spatial domain and the differentiating method in the temporal domain are combined to reduce the original integro-partial-differential mathematical model into the ordinary-differential systems. By properties of inequality and parabola, amplitude-frequency analysis and phase-frequency analysis, the structure of dynamic solution, the influences of thermal excitation frequency, mechanical relaxation time and thermal relaxation time on amplitude and phase difference of steady-state vibration of a square plate are investigated.
A mathematical model
Consider a thermoviscoelastic thin plate with the thickness h and the density q subjected to the transverse mechanical load q(x, y, t). Assume that the coordinate plane oxy coincides with the mid-plane and the oz-axis is perpendicular to the mid-plane. Hence, the plate occupies the region to be B={(x, y, z):(x, y)2X, jzj 6 h/2} and its edge is oX = oX u + oX r = oX h + oX h , oX u \ oX r = oX h \ oX h = / in which, oX u and oX r are the portions of the edge given edge displacements and given edge forces, respectively, oX h and oX h are the portions of the edge given edge temperature variation and given edge heat flux vector, respectively. We have the equations and conditions as follows:
Constitutive equations
For an isotropic and homogenous linear thermoviscoelastic material, the relaxation-type constitutive relations are given as (Christensen, 1982 )
in which S ij and e ij are the deviatoric tenors of stress and strain (here and afterward, the Latin subscript represents x, y, z and the Greek subscript represents x, y, G 1 , G 2 and u are the relaxation functions and thermal strain functions, h denotes the infinitesimal temperate deviation from the base temperature T 0 , and the symbol expresses the linear Boltzmann operator denoted by (Leitman and Fisher, 1973) gðtÞ uðtÞ ¼ gð0ÞuðtÞ þ _ gðtÞ Ã uðtÞ ¼ gð0ÞuðtÞ þ
where the symbol * is the convolution product. According to the Kirchhoff's theory of plates, r 33 = 0 and e a3 = 0. By the Laplace transformation and its inverse transformation method similar to the process of modeling the isothermal viscoelastic plate (Cheng and Zhang, 1998a,b) , it is not difficult to obtain
in which
where u is the Laplace transform of the function u and L À1 the Laplace inverse transform, s the transform parameter. Substituting Eq. (2) into Eq. (1), this yields the following constitutive equations of thermoviscoelastic thin plates
are called as ''structural function" and ''thermal function" of the plate, respectively.
Geometry and motion equations
According to the classical Kirchhoff's hypothesis of plates, we have
where w is the transverse deflection of the plate. Substituting Eq. (4) into Eq. (3), this yields
If the effect of the rotation and inertia may be neglected, the motion equation of the plate is given as
in which the internal force moment M ab is defined by
where W ¼ R h=2
Àh=2
zhðx; y; z; tÞdz. Substituting Eq. (7) into Eq. (6), this yields
Heat conduction equations
A integral type heat conduction equations was proposed by Christensen (1982) 
in which k is thermal conductivity, m is a kernel similar to the specific heat quantity in heat transfer Arora, 1993, 1996) . Substituting Eqs. (2) and (4) into Eq. (9), this yields
in which two thermal functions are defined as
Now, multiplying Eq. (10) by z and integrating from Àh/2 to h/2, we have
where
For a uniform temperature field across the thickness, that is, h = h(x, y, t), we have
For an adiabatic boundary condition on the lower and upper faces of the plate, that is, h, z (x, y, ±h/2, t)=0, we have q h ¼ ðj=T 0 Þ½hðx; y; h=2; tÞ À hðx; y; Àh=2; tÞ: ð14Þ
In order to evaluate the above formula (14), for every (x, y, z, t) 2 X Â (Àh/2, h/2) Â [0, T] the temperature field is expressed in the following series (which is justified because of the thinness of the plate):
hðx; y; z; tÞ ¼ X 1
Substituting Eq. (15) 
From Eqs. (14), (15), (16a), (16b), we have
Boundary and initial conditions
For uniqueness of solutions, the boundary and initial conditions should be given. Assume that the displacements and the forces are given on oX u and oX r , respectively, and the temperature variation and the heat flux vector are given on oX h and oX h , respectively, then we have the following boundary conditions w ¼w; w; n ¼ e A; on ðx; y; tÞ 2 oX u Â ½0; T ; ð18aÞ
on ðx; y; tÞ 2 oX r Â ½0; T ;
W ¼ e W; on ðx; y; tÞ 2 oX h Â ½0; T ; ð18cÞ W; n ¼ e W; n ; on ðx; y; tÞ 2 oX h Â ½0; T ; ð18dÞ in whichw and e A are, respectively, the known deflection and rotation angle on oX u , and e M n and e V n , respectively, the known bending moment and shear force on oX r , and e W and e W; n , respectively, the known temperature variation and the heat flux vector integrating across the thickness, and also M n and V n are given as
where q s is the radius of curvature of the edge, s the arc length. Assuming that the material and structure are in natural states when t 2 (À1, 0) and letting w 0 , w; 0 t and W 0 be the values of w, w, t , and W at the initial time t = 0, then the initial conditions are
Thus, the governing Eqs. (8) and (11), the boundary conditions (18a), (18b), (18c), (18d) and the initial conditions (20a) and (20b) form the initial-boundary-value problem for the dynamic analysis of thermoviscoelastic thin plates. Obviously the mathematical model (8), (11), (18a)- (18d), (20a), (20b) can be easily reduced to the model of isothermal viscoelastic thin plates by letting h = 0 (Cheng and Zhang, 1998a,b; Zhang and Cheng, 1999) .
Convolution type variational formulations

Variational formulation I
For a uniform temperature field across the thickness, the solution of the coupled thermoviscoelastic problem (8), (11), (18b), (18d), (20a) is equivalent to seeking the stationary point of the functional P 1 among all w satisfying the boundary condition (18a) and W satisfying the boundary condition (18c) and initial condition (20b), and P 1 is given as 
where H(t)=1 for t 2 [0, +1).
Proof. Observing the following properties of convolution operator
it can be obtained 
Substituting Eq. (23) into dP 1 = 0, one obtains the following variational equation
Observing the arbitrariness of dw,dw, n ,dW, dw, t j t=T ,dwj t=T and using the Titchmarsh theorem (Oden and Reddy, 1976 ) and the fundamental preliminary theorem of the calculus of variation (Chien, 1980) , this yields Eq. (8), the boundary conditions (18b), the initial conditions (20a), and the following equations
After differentiating Eqs. (24a) and (24b) with respect to the time t, we can obtain
and the boundary conditions (18d). Observing that the formula (13) is valid for a uniform temperature field, Eq. (25) is equivalent to Eq. (11). The introduction of the Heaviside function H(t) is the key to making the nonconservative operator ruling the heat conduction Eq. (11) symmetrized. This idea can trace back to Gurtin (1963) . The Variational formulation I is essentially a simplified Gurtin's type variational formulation, in which, both the classical Cartesian bilinear form and the modern convolution bilinear form are used simultaneously. A remarkable character of convolution type variational formulations is the inclusion of initial conditions, which is different from the classical variational formulations (Brilla, 1981; Munoz Rivera and Kamei Barreto, 1998; Naso, 2000, 2006; Altay and Dokmeci, 2000) constructed in the Laplace domain by the principle of virtual work or Hamilton's principle for thermoviscoelastic medium.
Variational formulation II
For an adiabatic boundary condition on the lower and upper surfaces of the plate, the solution of the coupled thermoviscoelastic problem (8), (11), (18b), (18d), (20a) is equivalent to seeking the stationary point of the functional P 2 among all w satisfying the boundary condition (18a) and W satisfying the boundary condition (18c) and initial condition (20b), and P 2 is given as
Obviously the Variational formulation II is self-evident. For a given temperature field, the corresponding variational formulations of homogenous plates can be easily degenerated from the variational formulations of FGM plates (Zhang and Wang, 2006, 2007) . Usually the above Gurtin-type variational formulations could be directly degenerated from 3D variational principles in thermoviscoelasticity (Mukherjee, 1973; Reddy, 1976; Luo, 1987; Foutsitzi et al., 1997; Luo and Zhu, 2003) .
Vibration of a simply supported plate subjected to harmonic thermal loads
To the authors' knowledge, there are a few works for approximate methods on the basis of convolution type functionals. In the following, the Ritz's method in the spatial domain as well as the differentiating method in the temporal domain will be applied to transverse vibration analysis of thermoviscoelastic plates subjected to known steady thermal fields. For convenience, assume the viscoelastic Poisson's ratio m(t) = const, and introducing the dimensionless variables and parameters as follows
in which E(t) is a uniaxial relaxation function, R c and V c , respectively, the characteristic length and the characteristic velocity of the plate. As applications, we will consider dynamic responses of a rectangular simply supported plate with the length of a and the width of b. Let R c = b, l = a/b. For convenience, assume the steady temperature field w(n,g,s) has been obtained.
Ritz method in the spacial domain
By using the Ritz method, the solution of the problem has the following forms 
Substituting (28) into the corresponding dimensionless variational formulation yields the following integro-ordinary-differential equations:
are the intrinsic frequencies of the corresponding isothermal elastic plates.
For a non-transformed type thermoviscoelastic problem, there exist two types of direct numerical methods in the temporal domain. In the first type, the integral items are discretized by various finite difference methods (Zhang and Cheng, 1998; Arora, 1993, 1996) , although the difficulty of numerical storage can be overcome by obtaining recursive formulas when material functions are expanded into the Prony's series, there still exists cumulative error especially for dynamic problems. In the second type, the integro-ordinary-differential equations can be transformed into the ordinary-differential equations by the following three subtypes of methods when the integral kernels are confined to dissolvable conditions: in the first subtype, the Leibnitz's rule is used to differentiate integro-ordinary-differential systems with respect to time (Touati and Cederbaum, 1994; Cheng and Zhang, 1998b) ; in the second subtype, the introduction of new variables (Potapov and Marasanov, 1997; Zhang, 2004; Cheng and Fan, 2001; Sheng and Cheng, 2004 ) is used for dynamic problems; in the third subtype, the Leibnitz's rule and the introduction of new variables are combined for quasi-static problems (Zhang and Cheng, 2001) . We have tried both the Leibnitz's rule and the introduction of new variables to the dynamic problem (29a), but found that it is impossible to obtain the analytical structure of solution to Eq. (29a) by the method of introducing new variables.
Differentiating method in the temporal domain
For a standard linear solid material
in which e 0 , e 1 , r 0 , r 1 are material constants, a and b are the reciprocal of mechanical relaxation time and that of the thermal relaxation time, respectively. After differentiating Eq. (29a) via the Leibnitz's rule with the help of Eq. (30), the following ordinary-differential equations can be obtained
where u 1 ðtÞ ¼ r 1 e Àbt ; u 2 ðtÞ ¼ be bt :
The corresponding initial conditions for the system (31) are
If the plate is only subjected to the following harmonic thermal load (p ij = 0)
then Eq. (31) can be reduced to
Obviously when i or j 6 ¼ 1, f ij = 0. 
Applying the transformation k = x À a/3 to Eq. (35) yields
: Let the criterion of roots be
As e 0 represents the steady-state elastic property of viscoelastic materials, and a is the reciprocal of the relaxation time, we have
When e 0 = 1/9, Z = 1/3, R 1 = 0,R 0 = 0, D = 0, the eigenvalue Eq. (35) has one 3-multiple rootk i = À a /3 < 0 (i = 1, 2, 3), the universal solution for homogenous equation of Eq. (34a) has the following form:
Theorem 3. When e 0 2 (0, 1/9), Z 2 (Z 1 , Z 2 ), D < 0, the eigenvalue Eq. (35) has three real roots:
The universal solution to homogenous equation of Eq. (34a) has the following form:
In the above theorem C i (i = 1, 2, 3) are constants determined by the initial conditions (32). And Re(k i ) < 0 indicates that the transient response approaches to zero when the time goes on endlessly, while Re(k i ) > 0 indicates that the solution will rise unboundedly when the time goes on endlessly, that is to say, the small deflection assumption is no longer fit for vibration analysis of thermoviscoelastic thin plates. The above conclusions are shown in Fig. 1 . Obviously the parameter plane (e 0 , Z) is divided into four subareas.
Special solution
Assume that the special solution to nonhomogenous Eq. (34a) has the following form
Substituting Eq. (43) into Eq. (34a) yields
Obviously when t ? +1 Let s 1 = h/x, s 2 = a/x, s 3 = b/x, then complex frequency response function X 1 and the steady-state response (45) reduce to
The amplitude amplification factor f is denoted by
4.4. Amplitude-frequency characteristic and phase-frequency characteristic
Figs. 2-6 show the effects of the thermal excitation frequency s 1 and the reciprocal of the mechanical relaxation time s 2 on the amplitude and the phase difference of the steady-state response of a thermoviscoelastic square plate with the parameters: e 0 = 0.5, e 1 = 0.5, r 0 = 0.5, r 1 = 0.5, s 3 = 100, l = 1. Double-peak resonance phenomena can be found in Figs. 2 and 3. When s 2 < 1, that is to say, the thermal excitation period is smaller than the mechanical relaxation time, resonance vibration occurs as the thermal excitation frequency approaches to the intrinsic frequency of the corresponding isothermal elastic plates (s 1 = 1), and the thermoviscoelastic material exhibits transient elastic property (e(0)=1); When s 2 > 1, that is to say, the thermal excitation period is bigger than the mechanical relaxation time, resonance peak value emerges at s 1 = 0.7 and its amplitude is smaller than that of s 2 < 1. This indicates that the thermoviscoelastic material exhibits steady-state elastic property (e(+1) = e 0 ). Obviously resonance peak first becomes weaker and even reduces to zero when s 2 ? 1 À , and then gets stronger again when s 2 > 1, and finally reaches its maximum value.
It can be seen from Figs. 4-6 that there exist two domains for phase-transition: one lies in low frequency domain around s 1 = 1 when s 2 < 100; the other lies in high frequency domain around s 1 2 (100, 200) when s 2 > 100. In addition, high frequency phase-transition domain moves to higher frequency when the thermal excitation period gets bigger and bigger than the mechanical relaxation time. Fig. 7 depicts the effects of the thermal excitation frequency s 1 and the reciprocal of the thermal relaxation time s 3 on the phase difference of the steady-state response of a thermoviscoelastic square plate with the parameters: e 0 = 0.5, e 1 = 0.5, r 0 = 0.5, r 1 = 0.5, l = 1. Obviously the increment of s 3 , namely, the reduction of the thermal relaxation time, will help to extend phase-transition domain.
Conclusions
The concise mathematical model (8), (11), (18a)-(18d), (20a), (20b) for vibration analysis of linear coupled thermoviscoelastic thin plates is established in non-Laplace space by introducing the structural function G 3 and the thermal functions U e , U h .
The integral type variational formulations are presented by the modern convolution bilinear form and the classical Cartesian bilinear form. The structural function G 3 , the thermal functions U e , U h and the Heaviside function play a key role. The Ritz method in the spacial domain as well as the differentiating method in the temporal domain is used to approximate the mathematical model in a system of rectangular Cartesian coordinates.
For vibration responses of a simply supported thermoviscoelastic plate subjected to harmonic thermal loads, the universal solution and the special solution are obtained for a standard linear solid material. By using properties of inequality and parabola and the Cardan's formula for roots of cubic algebra equations, the structure of the universal solution is depicted in the parameter plane splayed by the material parameter e 0 and the loading parameter Z where four typical subareas exist. By amplitude-frequency and phase-frequency analyses for special solutions, the following long-time dynamic properties for vibration of thermoviscoelastic thin plates can be found: (i) Double-peak resonance vibration exists. When the thermal excitation period is smaller than the mechanical relaxation time, the thermoviscoelastic material exhibits transient elastic property, and resonance vibration occurs as the thermal excitation frequency approaches to the intrinsic frequency of the corresponding isothermal elastic plates (s 1 = 1); When the thermal excitation period is bigger than the mechanical relaxation time, the thermoviscoelastic material exhibits steady-state elastic property, resonance vibration with smaller amplitude appears at s 1 = 0.7. (ii) Given the fixed thermal relaxation parameter s 3 , there exist two domains for phase-transition: one is for low frequency around s 1 = 1, the other is for high frequency around s 1 2 (100, 200). High frequency phase-transition domain moves to higher frequency when the thermal excitation period gets bigger and bigger than the mechanical relaxation time. Given the mechanical relaxation time reciprocal s 2 , the reduction of the thermal relaxation time helps to extend phase-transition domain toward higher frequency.
